The Hilbert action principle for the Einstein equations has two boundary terms that must be subtracted in prder to obtain a true stationary point. In this paper, I obtain both of them.
Assume that spacetime V is topologically Σ × R where Σ is a spacelike Cauchy slice. The splittings of the spacetime curvature tensor R µναβ works as follows [1] .
where∂ 0 = ∂ t − L β . N is the lapse function and β i is the shift vector. In (1) R ijkl is the Reimann tensor of Σ and ∇ i is the spatial covariant derivative. In three dimmensionsR ijkl is equivalent to the Ricci TensorR ij . K ij is the extrinsic curvature of Σ. Proceeding with the splitting of spacetime curvatures tensors, I find
where
The spacetime scalar curvature is R = g αβ R icαβ from which
and
The tensor −∂ t √ gk was recognized in [2] . The spatial scalar curvature is
where R (2) is the scalar curvature of the reference this space S embedded in Σ. The metric of S isḡ ij and its covariant derivative is∇ i . Assume that Σ is foliated by S's, all of which are outside of any sources. The analogue of N is α, a lapse function associated with the foliation of Σ by S's. The S's are topologically twospheres that approach a genuine two-sphere as r → ∞ in asymptotically Euclidean Σ's (AES's). Define a unit vector s i that is the outward-pointing unit normal of the S's. The extensive curvature of S in Σ is χ ij ; it satisfies
has support on AES's because the S's approach a genuine two-sphere in the limit as r → ∞. At asymptotia, the exact form of the Hilbert action principle (with k = 4πG, G = 6.670(4) × 10 −8 gm −1 cm 3 sec −2 and c = 2.9979250(10) × 10 10 cm sec −1 ) is
The other tensors in (9) have no support as r → ∞. Variation of (11) with respect to g µν gives as a genuine stationary point
D ν Ein µν ≡ 0, where D ν is the spacetime covariant derivative. Equation (12) gives the vacuum Einstein equations. If sources are present, a term must be added to (11) to produce stress-energy-momentum tensor T µν that necessarily satisfies D ν T µν =. This is not a true conservation law except in the presence of one or more Killing vectors ξ µ that satisfy
in which case
is a true conservation law.
